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Abstract. We address the problem of finding conditions under which a compact
Lorentzian manifold is geodesically complete, a property, which always holds for
compact Riemannian manifolds. It is known that a compact Lorentzian manifold
is geodesically complete if it is homogeneous, or has constant curvature, or admits
a time-like conformal vector field. We consider certain Lorentzian manifolds with
Abelian holonomy, which are locally modelled by the so called pp-waves, and which,
in general, do not satisfy any of the above conditions. We show that compact pp-
waves are universally covered by a vector space, determine the metric on the universal
cover, and prove that they are geodesically complete. Using this, we show that every
Ricci-flat compact pp-wave is a plane wave.
1. Introduction and statement of results
An important class of Lorentzian manifolds are those with special holonomy. Fol-
lowing the terminology in Riemannian geometry, these are Lorentzian manifolds for
which the connected holonomy group acts indecomposably, i.e., the manifold does not
locally decompose into a product but the holonomy still is reduced from the full orthog-
onal group. In contrast to the Riemannian situation, the latter prevents the holonomy
group from acting irreducibly and equips the manifold with a bundle of tangent null
lines which is invariant under parallel transport. We will study the geodesic complete-
ness for a certain type of Lorentzian manifolds with special holonomy, namely those
with Abelian holonomy. A semi-Riemannian manifold is geodesically complete, or for
short complete, if all maximal geodesics are defined on R.
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After Berger’s classification of connected irreducibly acting Riemannian holonomy
groups [3], the quest for complete or compact Riemannian manifolds with holonomy
groups from Berger’s list produced some of the highlights of modern differential geome-
try, for example, Yau’s proof of Calabi’s conjecture or Joyce’s construction of compact
manifolds with exceptional holonomy (see [26] for a full account of such results). For
Lorentzian manifolds the classification of the connected components of indecomposable
Lorentzian holonomy groups was obtained in [35] based on results in [2]. Moreover, in
[22] a construction method for Lorentzian metrics was developed, which showed that
indeed all possible groups can be realised as holonomy groups. A survey about the gen-
eral classification is given in [23]. Furthermore, a first attempt to investigate the full
holonomy group and global properties of the manifolds, such as global hyperbolicity,
was made in [1]. Compact Lorentzian manifolds with special holonomy have also been
studied in [14, 16], in [32], and in [48, 49].
Since there are no proper connected irreducible subgroups of the Lorentz group [17],
and since the construction of Lorentzian manifolds with special holonomy in some parts
relies on the existence results in Riemannian geometry, finding Lorentzian manifolds
with prescribed holonomy is easier than in the Riemannian context. However, the
relation between compact and complete examples is more subtle, since — in sharp
contrast to the Riemannian world — compact Lorentzian manifolds do not have to
be complete. The standard example of this phenomenon is the Clifton-Pohl torus,
which is compact, but geodesically incomplete [39, Example 7.16]. Hence, finding
compact Lorentzian manifolds with special holonomy does not automatically provide
geodesically complete examples.
The question whether a compact Lorentzian manifold is complete is classical in
global Lorentzian geometry. Under some strong assumptions, a compact Lorentzian
manifold is complete, for example, if it is flat [12]1, has constant curvature [29], or if
it is homogeneous. In fact, Marsden proved in [36] that any compact homogeneous
semi-Riemannian manifold is complete. Moreover, compact, locally homogeneous 3-
dimensional Lorentzian manifolds are complete [18]. Finally, in [44] it was shown that
compact Lorentzian manifolds with a time-like conformal Killing vector field are com-
plete (see also [27] or [42, 43]). We are going to consider Lorentzian manifolds with
Abelian holonomy, the so-called pp-waves. In general they do not satisfy any of these
conditions, they are not locally homogeneous, not of constant curvature and do not
admit a time-like conformal Killing vector field.
Definition 1. A Lorentzian manifold (M, g) is called pp-wave2 if it admits a global
parallel null vector field V ∈ Γ(TM), i.e., V 6= 0, g(V, V ) = 0 and ∇V = 0, and if its
curvature tensor R satisfies
(1) R(U,W ) = 0, for all U,W ∈ V ⊥.
Here ∇ denotes the Levi-Civita connection of g and R the curvature tensor of ∇,
R ∈ Λ2T ∗M⊗ End(TM) of (M, g). A pp-wave metric locally depends only on one
1In fact, in [12] Carrie`re proved a much more general result for affine manifolds. A direct proof for
the flat case was given in [53]. However, this proof has gaps as it was pointed out in [41].
2In the following we will consider compact manifolds of this type. We are aware that for compact
manifolds the term wave might not be appropriate, but we use this term since it is established in the
literature for manifolds with the given curvature properties. Later we will see that an appropriate name
would be screen flat, but this term has other obvious problems.
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function: for a pp-wave (M, g) there are local coordinates
(
U , (u, v, x1, . . . , xn)
)
such
that
(2) g|U = 2du(dv +Hdu) + δijdx
idxj ,
where dimM = n+2 and H = H(u, x1, . . . , xn) is a smooth function on the coordinate
patch U not depending on v. If M = Rn+2 and g is globally of the form (2) we call
(M, g) a pp-wave in standard form or a standard pp-wave. Four-dimensional standard
pp-waves were discovered by Brinkmann in the context of conformal geometry [6], and
then played an important role in general relativity (e.g., see [19], where also the name
pp-wave for plane fronted with parallel rays was introduced). More recently, as manifolds
with a maximal number of parallel spinors, higher dimensional pp-waves appeared in
supergravity theories, e.g. in [25], and there is now a vast physics literature on them.
The existence of a parallel null vector field and the curvature condition imply that pp-
waves have their holonomy contained in the Abelian ideal Rn of the stabiliser O(n)⋉Rn
of a null vector. Moreover, under a mild genericity condition on the function H, their
holonomy is equal to Rn and hence acts indecomposably. Our results about compact
pp-waves can be summarised in two theorems:
Theorem A. The universal cover of an (n+2)-dimensional compact pp-wave is globally
isometric to a standard pp-wave(
R
n+2, gH = 2dudv + 2H(u, x1, . . . , xn)du2 + δijdx
idxj
)
.
Under this isometry, the lift of the parallel null vector field is mapped to ∂∂v .
The proof in Section 4.1 uses the so-called screen bundle Σ = V ⊥/V →M and the
induced screen distributions (as described in Section 2). They can be used to define
Riemannian metrics on the leaves of V ⊥, which are flat in case of pp-waves. This yields
a detailed description of the universal cover of pp-waves in Section 3. Then, results by
Candela et al. [9] about the completeness of certain non-compact Lorentzian manifolds,
which apply to pp-waves in standard form, enable us in Section 4.2 to prove
Theorem B. Every compact pp-wave (M, g) is geodesically complete.
As a consequence we obtain that the examples of compact pp-waves we give below,
are also geodesically complete examples of Lorentzian manifolds of special holonomy.
Theorem B is somewhat surprising when recalling that Ehlers and Kundt posed the
following problem [19, Section 2-5.7]3 :
“Prove the plane waves to be the only g-complete pp-waves, no matter
which topology one chooses.”
The plane waves mentioned in the problem are a special class of pp-waves:
Definition 2. A pp-wave (M, g) with parallel null vector field V is a plane wave if
(3) ∇R = V ♭ ⊗Q,
where R is the curvature tensor of (M, g), Q is a (0, 4)-tensor field, and V ♭ := g(V, .).
For a plane wave, the function H in the local form (2) of the metric is of the form
(4) H(u, x1, . . . xn) = aij(u)x
ixj , with aij = aji ∈ C
∞(R).
3We thank Wolfgang Globke for pointing us to this reference.
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This can be used to show that plane waves (in standard form, i.e., with M = Rn+2
and g = gH with H as in (4)) are always geodesically complete ([9, Proposition 3.5],
we review this result in Section 3.1). Our Theorem B shows that any compact pp-wave
is complete, even if it is not a plane wave.
Example 1. Let η be the flat metric on the n-torus Tn and H ∈ C∞(Tn) a smooth
function on Tn. On M := T2 × Tn we consider the Lorentzian metric
(5) gH = 2dθdϕ+ 2Hdθ2 + η,
where dθ and dϕ is the standard coframe on T2. This metric is a complete pp-wave
metric on the torus Tn+2, and one can choose H in a way that it is not a plane
wave. Indeed, computing ∇R shows that for any function H with non-vanishing third
partial derivatives with respect to the xi-coordinates, the equality (3) is violated. More
examples are given in [32] and [1], and in our Example 2.
However, this example is not in contradiction to the claim in the Ehlers-Kundt
problem because there pp-waves are understood to be solutions of the Einstein vacuum
field equations and hence, in addition to Definition 1, are assumed to be Ricci flat. But
the metric (5) is Ricci flat if and only if H is harmonic with respect to the flat metric
on the torus, which forces H to be constant and gH to be flat. In fact, Theorem A and
results in Section 4.2 allow us to generalise this observation.
Corollary 1. Every compact Ricci-flat pp-wave is a plane wave.
This solves the Ehlers-Kundt problem in case of compact manifolds. We should
mention that, using their results in [9], another partial answer to the Ehlers-Kundt
problem is given in [21, Theorem 4]. We describe this in our Section 3.1 and provide
more examples of (non-compact) complete pp-waves that are not plane waves with our
Lemma 8 and the corresponding Remark 5 in Section 4.
Motivated by Corollary 1, in Section 4.2 we apply Theorems A and B to compact
plane waves and conclude not only that they are complete but also covered by a plane
wave in standard form. This and results about compact plane waves with parallel Weyl
tensor in [14, 16], suggest the problem of studying compact quotients of plane waves,
however, such investigations are beyond the scope of this paper.
Theorem B has an interesting consequence for another special case, namely for com-
pact indecomposable Lorentzian locally symmetric spaces. A semi-Riemannian mani-
fold is decomposable if it is locally a product, i.e., each point admits a neighbourhood
on which the metric is a product metric. Otherwise the manifold is indecomposable.
It is known that an indecomposable, simply connected Lorentzian symmetric space is
either a Cahen-Wallach space or has a semisimple transvection group [7, Theorems 2
and 3], in which case it has constant sectional curvature [4, 17]. Then, for compact
locally symmetric spaces, i.e., with ∇R = 0, our results and those of [29] imply:
Corollary 2. An indecomposable, compact locally symmetric Lorentzian manifold is
geodesically complete. As a consequence, it is a quotient by a lattice of either the
universal cover of the odd-dimensional anti-de Sitter space or of a Cahen-Wallach space.
The proof of the geodesic completeness is given in Section 4.4. To obtain the fur-
ther consequence in this corollary, recall that neither de Sitter spaces [8] nor even-
dimensional universal anti-de Sitter spaces have compact quotients [31], see also [52].
For lattices in the isometry groups of Cahen-Wallach spaces see [37, 20, 28].
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Of course, it would be interesting to study geodesic completeness for the larger class
of Lorentzian manifolds with special holonomy, i.e., with parallel null vector field, or
more generally, with parallel null line bundle. We believe that some of our methods
can be generalised to this setting, although such a generalisation is not straightforward
as our Example 3 on page 26 shows. For instance, an interesting question is, whether
the manifolds constructed in [22] to realise all possible (connected) holonomy groups
are complete. These problems will be subject to further research.
Acknowledgements. We would like to thank Helga Baum and Miguel Sa´nchez for
helpful discussions and comments on the first draft of the paper. We also thank the
the referees for valuable comments and Ines Kath for alerting us to the implications
our result has for locally symmetric spaces.
2. Screen distributions and pp-waves
2.1. The screen bundle and screen distributions. Most of what follows in this
section immediately generalises to general (time-orientable) Lorentzian manifolds with
special holonomy, i.e, with parallel null line bundle in the tangent bundle, see also [1,
Proposition 2] for equivalent conditions, but for our purposes we will restrict ourselves
to Lorentzian manifolds with global parallel null vector field V , i.e., with g(V, V ) = 0
and ∇V = 0, where ∇ the Levi-Civita connection of g. In accordance with [5] we
call such a manifold a Brinkmann space, after [6], and we will from now on denote
the parallel null vector field by V . Let (M, g) be a Brinkmann space of of dimension
(n+ 2). Since the vector field V is parallel, also the distribution of hyperplanes
V ⊥ = {X ∈ Γ(TM) | g(X,V ) = 0}
is parallel in the sense that it is invariant under parallel transport. Hence, we have a
filtration of TM into parallel distributions
R · V ⊂ V ⊥ ⊂ TM.
In particular, both distributions are involutive and define foliations V and V⊥ of the
manifoldM. Locally, a Brinkmann space (M, g) coordinates (U , ϕ = (u, v, x1, . . . , xn))
such that the metric is given as
(6) g|U = 2du(dv +Hdu+ µidx
i) + gˆijdx
idxj
where H, gˆij = gˆij(u, x
1, . . . , xn) and µi = µi(u, x
1, . . . , xn) are smooth functions on U ,
not depending on v. In these coordinates, the parallel null vector field V |U is given by
∂v and the leaves of V
⊥|U are given by u ≡ constant.
The above filtration defines a vector bundle, the screen bundle
Σ := V ⊥/V −→M,
which is equipped with a positive definite metric induced by g,
gΣ([X], [Y ]) := g(X,Y ),
and a covariant derivative ∇Σ induced by the Levi-Civita connection ∇ of g,
∇ΣX [Y ] = [∇XY ].
Definition 3. Let (M, g) be a Brinkmann space of dimension n + 2 > 2. A screen
distribution S is a subbundle of V ⊥ of rank n on which the metric g is non-degenerate.
A null vector field Z such that g(V,Z) ≡ 1 is called a screen vector field.
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Every screen vector field defines a screen distribution via S := V ⊥ ∩ Z⊥, where by
⊥ we denote the orthogonal space with respect to the metric g. In fact, there is a
one-to-one correspondence between screen distributions S, screen vector fields Z, and
null one-forms ζ such that ζ(V ) = 1:
Z 7−→ S = V ⊥ ∩ Z⊥ = Ker(V ♭, ζ) 7−→ ζ = Z♭
where Z♭ = g(Z, .) and Ker(.) is the annihilator of the one-forms in the argument.
By partition of unity,M always admits a screen distribution which is a non-canonical
splitting of the exact sequence 0 → R · V → V ⊥ → Σ → 0. Since S⊥ has rank 2, the
vector field V gives a unique global section Z to the null-cones of S⊥ with g(V,Z) = 1,
and thus defining a screen vector field. [1, Proposition 2]
In the following we will make use of the Riemannian metric h = hS defined by a
screen distribution S or, equivalently, by a screen vector field Z via
(7) h(V, .) := g(Z, .), h(Z, .) := g(V, .), h(X, .) := g(X, .) for X ∈ S.
and extension by linearity.
2.2. Horizontal and involutive screen distributions. In the following we will call
a screen distribution horizontal if for every p ∈ M exists a neighborhood U and local
frame fields S1, . . . , Sn ∈ Γ(S|U ) of S such that
(8) [V, Si] ∈ Γ(S|U ),
and involutive if
(9) [Sj , Si] ∈ Γ(S|U ).
Note that both conditions are independent of the chosen frame fields for S. Note also
that the coordinates in (6) provide us with a local horizontal screen distribution spanned
by ∂1 + µ1∂v, . . . , ∂n + µn∂v with corresponding screen vector field
Z = ∂u −H∂v − 2g
ijµi∂j ,
where gij is the inverse matrix of g(∂i, ∂j). Moreover, if the µi’s in (6) are the coefficients
of a u-dependent family of closed one-forms, this screen is also involutive.
The term horizontal for a given screen distribution comes from the following ob-
servation about the Riemannian metric defined in (7). Its proof is a straightforward
computation using the Koszul formula.
Proposition 1. Let (M, g) be a Brinkmann space. By N we denote a leaf of the
integrable distribution V ⊥. Furthermore, let S be a screen distribution defining a Rie-
mannian metric h on M and an induced Riemannian metric hN on each leaf N by
restriction. Then we have
(1) S is horizontal if and only if on each leaf N of V ⊥, V defines an isometric
Riemannian flow, i.e., V is a Killing vector field of constant length for the
metric hN on N .
(2) Fix a leaf N and assume that, along N , there is a screen distribution S which
is involutive and horizontal. Then V ∈ Γ(TN ) is parallel on (N , h), i.e., with
respect to the Levi-Civita connection ∇h of h. In particular, the leaves of S in
N are totally geodesic for h.
Now we derive some criteria in terms of Z♭ for a screen distribution to be horizontal
and involutive. An immediate consequence of S = V ⊥ ∩ Z⊥ is:
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Lemma 1. Let S be a screen distribution with screen vector field Z. Then S is involutive
and horizontal if and only if dZ♭|V ⊥∧V ⊥ = 0, which is equivalent to V
♭ ∧ dZ♭ = 0.
Now we assume that the the screen bundle Σ is globally trivialisable, i.e., that Σ
admits n linearly independent global sections. Then, for each screen distribution S, the
bundle projection
S ∋ X 7−→ [X] ∈ Σ
gives a global orthonormal frame field S1, . . . , Sn for S from a trivialisation of Σ.
We denote by Si = S♭i = δ
ijg(Sj , .) the corresponding metric duals, where δ
ij denotes
the Kronecker-symbol and we use the Einstein summation convention. Then we define
global one-forms
(10) αi := ∇Si(Z) = δijg(∇Sj , Z),
and a direct computation shows that S is horizontal if and only if
(11) αi(V ) = 0,
and S is involutive if and only if
(12) αi(Sj)− α
j(Si) = 0.
Now we compute the difference between two screen vector fields and their screen dis-
tributions, still under the assumption that the screen bundle Σ is globally trivial, so
that we have a global orthonormal frame field σ1, . . . , σn of Σ. Then, if S and Sˆ are
two screen distributions, the sections σi define sections Si ∈ Γ(S) and Sˆi ∈ Γ(Sˆ), both
orthonormal with respect to g, which are related by
Sˆi = Si − biV 7−→ σi = [Si] ∈ Γ(Σ),
for smooth functions bi on M. For the dual relation we have
Sˆi = Si − biV ♭,
with functions bi = b
i. The corresponding screen vector fields Z and Zˆ are then related
by
Zˆ = Z + bkSk −
1
2
bkbk V,
and for the differentials of the duals we get
dZˆ♭ = dZ♭ + dbk ∧ S
k + bkdS
k − bkdb
k ∧ V ♭.
Then, computing the differentials of Z♭ and dSˆ♭i we get
dZ♭ = δklS
k ∧ αl
with αk defined in (10), and
dSi = ωik ∧ S
k + αi ∧ V ♭,
where ωik is the part of the connection one-form defined by
(13) ωik = −∇S
i(Sk).
This allows us to express the differential of Zˆ♭ in terms of a basis of the old screen, its
connection coefficients and the functions bi as
dZˆ♭ = (dbk + blω
l
k − δklα
l) ∧ Sk + bk(α
k − dbk) ∧ V ♭,
This, together with Lemma 1 gives us
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Proposition 2. Let (M, g) be a Brinkmann space and a screen bundle that is defined
by global sections S1, . . . , Sn, and let α
i and ωij be the corresponding connection forms
defined in (10) and (13). Then there is an involutive and horizontal screen distribution
if and only if there are smooth functions b1, . . . , bn on M which are solutions to the
differential system
(14) (dbk + blω
l
k − δklα
l) ∧ Sk|V ⊥∧V ⊥ .
In particular, if there exist functions bi such that
(15) (dbk + blω
l
k − δklα
l)|V ⊥ = 0,
then there is a horizontal and involutive screen distribution spanned by Si − biV .
2.3. Manifolds with trivial screen holonomy and pp-waves. We say that a
Brinkmann space (M, g) has trivial screen holonomy if the full holonomy group of
∇Σ is trivial, i.e., consists only of the identity transformation. This is related to the
notion of pp-waves as in Definition 1.
Proposition 3. Let (M, g) be a Brinkmann space with parallel null vector field V .
(1) The following statements are equivalent:
(a) (M, g) is a pp-wave.
(b) For all W ∈ V ⊥ and X,Y ∈ Γ(TM) it holds R(X,Y )W ∈ RV .
(c) The screen bundle (Σ,∇Σ) is flat, i.e., the curvature of ∇Σ vanishes.
(d) The connected component of the holonomy group of (M, g) is contained in
R
n ⊂ SO(1, n + 1).
(e) There exist local sections S1, . . . Sn of V
⊥ with g(Si, Sj) = δij and local
one-forms αi such that ∇Si = δijα
i ⊗ V as in (10). In this case, the
one-forms satisfy dαi|V ⊥∧V ⊥ = 0.
(2) The holonomy of ∇Σ is trivial if and only if the holonomy of (M, g) is contained
in Rn.
Proof. The proof of (1a) ⇔ (1b) follows directly from the definition of a pp-wave.
Moreover, (1b) ⇔ (1c) is straightforward by the definition of ∇Σ. The computations
proving the equivalence of (1a) and (1d) are carried out in [33, Theorem 4.2], while (2)
is obvious by [1, Proposition 2(4)]. Finally, the existence of sections Si as in property
(1e) is equivalent to (1c) since, locally, the existence of a gΣ-orthonormal basis of ∇Σ-
parallel sections σi ∈ Γ(Σ) which constitute a frame Si as in (1e) is equivalent to the
flatness of (Σ,∇Σ). The property for the differentials of the αi’s, however, follows from
the following computation: Let Z be a screen vector field, X ∈ V ⊥ and Si frame fields
as in (1e). Then
dαi(Sj ,X) = g(R(Sj ,X)Si, Z) = g(R(Si, Z)Sj ,X) = dα
j(Si, Z)g(V,X) = 0,
for all i, j = 1, . . . , n, i.e., dαi|V ⊥∧V ⊥ = 0. 
Clearly, manifolds with trivial screen holonomy are pp-waves, but for non simply
connected manifolds the converse is not true (see [1] for examples).
Locally, for a pp-wave the coordinates in (6) can be chosen in a way such that µi ≡ 0
and gˆij ≡ δij , i.e., with gˆ being the standard flat metric for all u, i.e.,
g = 2du(dv +Hdu) + δijdx
idxj
where H = H(u, x1, . . . , xn) is a smooth function. This can be seen by computing the
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curvature for a metric of the form (6). Evaluating the curvature conditions defining a
pp-wave will then imply that the metric gˆij is flat and hence can be chosen as gˆij = δij ,
and that the 1-form µi is closed, which allows to change coordinates in a way that
µi = 0 (for an explicit proof see [47] or the appendix of [24]). In these coordinates,
∇∂v = 0 and
∇∂i∂j = 0, ∇∂i∂u = ∂i(H)∂v , ∇∂u∂u = ∂u(H)∂v −
n∑
i=1
∂i(H)∂i
which implies that the only non-vanishing curvature terms of g, up to symmetries, are
(16) R(∂i, ∂u, ∂u, ∂j) = −∂i∂jH,
where our sign convention is R(X,Y )U = [∇X ,∇Y ]U − ∇[X,Y ]U , and for the Ricci
curvature, Ric = trace(2,3)R,
Ric(∂u, ∂u) = ∆(H)
where ∆ = −
∑n
i=1 ∂
2
i is the flat Laplacian. Formula (16) shows that the connected
holonomy of a pp-waves is equal to Rn, and hence indecomposable, if there is a point in
M with local coordinates such that the Hessian of H is non-degenerate at this point.
Since the distribution V ⊥ is parallel and thus defines a foliation of M into totally
geodesic leaves of codimension one, the flatness of the screen bundle can be stated as
Lemma 2. Let (M, g) be a Lorentzian manifold with parallel null vector field V and
foliation V ⊥. Then (M, g) is a pp-wave if and only if, for each leaf N of V ⊥, the linear
connection which is induced on N by the Levi-Civita connection of g is flat.
Proof. Let ∇N be the linear connection defined by ∇ on a leaf N of V ⊥, i.e., ∇NU W :=
∇UW ∈ V
⊥|N for U,W ∈ Γ(TN ), where TN = V
⊥|N . Hence, for the curvature R of
∇ and RN of ∇N we have
RN (U,W )S = R(U,W )S ∀ U,W,S ∈ V ⊥|N .
This term vanishes if and only if g(R(U,W )S,X) = 0 for all X ∈ Γ(TM), which is
equivalent to (1) in the definition of pp-waves on page 2. 
Proposition 4. Let (M, g) be a Lorentzian manifold with parallel null vector field
V and trivial screen holonomy, or equivalently, with Hol(M, g) ⊆ Rn. Then, for each
screen distribution S = V ⊥∩Z⊥ with screen vector field Z, there is a global orthonormal
frame field S1, . . . , Sn of S with
(17) ∇Si = δijα
j ⊗ V,
where the αi agree with (10) and the αi defined in (10) satisfy
dαi(X,Y ) = R(X,Y, Si, Z),
and hence
dαi|V ⊥∧V ⊥ = 0.
Furthermore, a given screen distribution S can be changed to an involutive and hori-
zontal one, if there exist functions b1, . . . , bn on M such that
(dbi − αi)|V ⊥ = 0.
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Proof. Since Σ is assumed to have trivial holonomy, we find global basis sections σi of
Σ such that ∇Σσi = 0. Hence, for a given screen distribution, the induced frame fields
Si satisfy [∇XSi] = ∇
Σ
Xσi = 0 and thus
∇Si = g(∇Si, Z)V = ∇S
i(Z)V = αi ⊗ V,
or equivalently, ωij = 0. As above, we have
R(X,Y )Si = dα
i(X,Y ) · V,
since V is parallel. Given functions bi with (dbi − αi)|V ⊥ = 0, from ω
i
j = 0 and
equation (15) in Proposition 2 we see that Sˆk = Sk − bkV with b
k = bk defines a
horizontal and integrable screen distribution. 
For Lorentzian manifolds with trivial screen holonomy admitting a horizontal and
integrable screen distribution, we can strengthen Proposition 1 in the following way:
Proposition 5. Let (M, g) be a Lorentzian manifold with parallel null vector field V
and with trivial screen holonomy. Let N be a leaf of the integrable distribution V ⊥.
Assume that, along N, there is a screen distribution S which is involutive and horizontal.
Then the Riemannian metric h on N that is defined by S by the relations (7) is flat
and the frame Si in Proposition 4 together with V constitutes a ∇
h-parallel frame field
for (N , h).
Proof. Let S be an involutive and horizontal screen distribution along a V ⊥-leaf N . By
Proposition 4, we have sections S1, . . . , Sn of S with (17), i.e.,
g(∇XSi, Y ) = 0
for all X,Y ∈ Γ(TN ). Writing out the Koszul formula for this term we get
0 = X(g(Si, Y )) + Si(g(X,Y ))− Y (g(Si,X))
+ g([X,Si], Y ) + g([Y, Si],X) + g([Y,X], Si)
This equation holds for all X,Y ∈ Γ(TN ), but, since S was assumed to be horizontal
and involutive, we have that the brackets [X,Si], [Y, Si] and [X,Y ] are in S. Hence,
when recalling the definition of h in (7), in the above expression we can replace the
metric g by the Riemannian metric h on N , which shows that
h(∇hXSi, Y ) = 0.
Hence, the Si are parallel vector fields on (N , h). But we have already seen in Proposi-
tion 1 that V is also parallel for h. Hence, we have a h-orthonormal frame of N which
is parallel for ∇h yielding the flatness of (N , h). 
Remark 1. Let (M, g) be a pp-wave and S an involutive and horizontal screen dis-
tribution on M and denote by h the Riemannian metric on M defined by S. In this
situation, we have seen that, on each leaf N of V ⊥, the connection induced by ∇ co-
incides with the Levi-Civita connection of the Riemannian metric hN which is induced
by h on N , and in fact, both are flat. However, on M the Levi-Civita connections of
(M, g) and (M, h) do not coincide, not even along N .
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3. The universal cover of a pp-wave
3.1. Review of completeness results for Lorentzian manifolds with parallel
null vector field. Before we turn to the universal cover of pp-waves and to the proof of
the main theorems for compact manifolds, we want to recall results about the complete-
ness of Lorentzian manifolds with parallel null vector fields in a more general setting.
To our knowledge, the strongest of such results can be found in [9].
Theorem 1 ([9, Theorem 3.2 and Corollary 3.4]). Let (S, h) be a connected Riemannian
manifold of dimension n and let H ∈ C∞(R×S) be a smooth function. On the manifold
M := R2 × S define the Lorentzian metric g by
(18) g|(u,v,x) = 2dudv + 2H(u, x)du
2 + h|x,
where x ∈ S and (u, v) are the global coordinates on R2.
(i) The Lorentzian manifold (M, g) is geodesically complete if and only if the Rie-
mannian manifold (S, h) is complete and the solutions s 7→ γ(s) of the ODE
∇hγ˙
ds
(s) = gradhH(s, γ(s))
are defined on the whole real line. Here ∇h is the Levi-Civita connection of h.
(ii) If (S, h) is geodesically complete and the function H does not depend on u and
is at most quadratic at spacial infinity, i.e., there exist x0 ∈ S and real constants
r, c > 0 such that
H(x) ≤ c · dS(x0, x)
2, for all x ∈ S with dS(x0, x) ≥ r,
then (M, g) is geodesically complete. Here dS is the distance function of (S, h).
This theorem applies to pp-waves in standard form, and to the more general class
of pp-waves that are globally of the form (18) with (S, h) a flat Riemannian manifold,
not necessarily the Rn. For plane waves (as defined in the introduction) it implies
Proposition 6 ([9, Proposition 3.5]). Let (M, g) be a Lorentzian metric of the form
(18) and assume that its universal cover is globally isometric to a standard plane-wave(
R
n+2, g˜ = 2du(dv + (aij(u)x
ixj)du) + δijdx
idxj
)
,
with aij = aji ∈ C
∞(R). Then (M, g) is geodesically complete.
Regarding the Ehlers-Kundt problem, these results imply:
Proposition 7. [21, Theorem 4] Any gravitational (Ricci-flat and four-dimensional)
pp-wave (in standard form) such that H behaves at most quadratically at spatial infinity
(in the sense of Theorem 1) is a (necessarily complete) plane wave.
3.2. Horizontal and involutive screen distributions on the universal cover.
In this section we will deal with compact pp-waves but first present some results which
hold in a more general setting. A vector field is complete if its maximal integral curves
are defined on R.
Proposition 8. Let M be a manifold with a closed nowhere-vanishing one-form η.
Assume that there is a complete vector field Z with η(Z) = 1. Then the leaves of the
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distribution Ker(η) are all diffeomorphic to each other under the flow φt of Z, and the
universal cover M˜ of M is diffeomorphic to R× N˜ with the diffeomorphism given as
(19) Φ : R× N˜ ∋ (u, p) 7→ φ˜u(p) ∈ M˜,
where N˜ is the universal cover of a leaf of the distribution Ker(η) and φ˜ is the flow of
the lift of Z. If M is compact with closed η, all of the above is satisfied.
Proof. The idea of the proof can be found in [38, Thm. 3.1]. Since η is closed, the
distribution Ker(η) is involutive and the Lie derivative of g is
LZη(X) = dη(Z,X) +X(η(Z)) ≡ 0.
For each t ∈ R, the flow φt of Z is a diffeomorphism of M. Then LZη = 0 shows that
φt maps the leaves of the distribution Ker(η) diffeomorphically onto each other.
Let η˜ and Z˜ be the lifts of η and Z to the universal cover M˜. Then Z˜ is still
a complete vector field with η˜(Z˜) = 1 and dη˜ = 0. Hence, there is a real function
f ∈ C∞(M) such that η˜ = df . Let φ˜t, t ∈ R, denote the flow of Z˜. Then, for each
p ∈ M˜, the function τp : R→ R defined by τp(t) := f(φ˜t(p)) ∈ R satisfies
τ ′p(t) = dfφt(p)(Z˜) = ηφ˜t(p)(Z˜) ≡ 1.
Hence, τ(t) = t + f(p). This shows that f : M˜ → R is surjective and that two level
sets N˜a = f
−1(a), a ∈ R, are diffeomorphic under the flow,
φ˜b−a : N˜a ≃ N˜b.
This defines a diffeomorphism
Φ : R× N˜0 −→ M˜
(u, p) 7−→ φ˜u(p)
the inverse of which is given by
Φ−1(p) = (f(p), φ˜−f(p)(p)) ∈ R× N˜0.
Being simply connected, N˜ := N˜0 is the universal cover of the leaves of Ker(η). 
The proposition applies in particular to a compact Lorentzian manifold with parallel
null vector field V defining a closed one form η = g(V, .). Here N˜ is an integral manifold
of the distribution V˜ ⊥.
Theorem 2. Let (M, g) be an (n + 2)-dimensional pp-wave with parallel null vector
field V ∈ Γ(TM) and complete screen vector field. Then there exists a horizontal and
involutive screen distribution S on the universal cover (M˜, g˜) of (M, g). Moreover,
there are linear independent g˜-orthonormal vector fields Si ∈ Γ(S) on M˜, i = 1, . . . , n,
with ∇˜XSi = 0, for all X ∈ V˜
⊥ and ∇˜ the Levi-Civita connection of g˜. In particular,
(V, S1, . . . , Sn) is a ∇
h-parallel orthonormal frame on (N˜ , h), where h is the Riemann-
ian metric defined by S on the leaves of V˜ ⊥.
Proof. By a tilde we denote the lift of any object to the universal cover M˜ of M.
Let S = V ⊥ ∩ Z⊥ be a screen distribution defined by a complete screen vector field
Z. By assumption, the bundle Σ˜ −→ M˜ is flat, and, since M˜ is simply connected,
has trivial holonomy. Thus we obtain linearly independent global parallel sections
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σ1, . . . , σn ∈ Γ(Σ˜) which give rise to n sections S1, . . . , Sn ∈ Γ(S˜) with ∇˜Si = α
i ⊗ V˜
with αi := g˜(∇˜Si, Z˜). Since M is a pp-wave, according to Proposition 4, they satisfy
(20) dαi|
V˜ ⊥∧V˜ ⊥
= 0.
By Proposition 8, the universal cover M˜ is diffeomorphic to R × N , where N is the
universal cover of the leaves of the distribution V ⊥, and the map R×N → M˜ is given
by the flow of Z˜. Now, for each r ∈ R, let
ι(r) : N →֒ R×N
x 7→ (r, x)
denote the inclusion of N into R×N . We use these to pull back the αi’s to N ,
αi(r) := (ι(r))
∗αi,
which is now a one-parameter family of one-forms on N , depending smoothly on the
parameter r ∈ R. Because of equation (20), all αi(r) are closed,
dαi(r) = d(ι
∗
(r)α
i) = ι∗(r)dα
i = 0.
Fixing x0 ∈ N , since N is simply connected, for each i = 1, . . . , n and each r ∈ R we
find a unique function bi(r) ∈ C
∞(N ) such that
dbi(r) = α
i
(r), and b
i
(r)(x0) = 0,
where the differential is the differential on N . Hence we obtain smooth functions
bi ∈ C∞(R×N ) defined by
bi(r, x) = bi(r)(x).
We have to verify that these functions are indeed smooth on R×N : Take an arbitrary
xˆ ∈ N and fix coordinates (U , ϕ = (x1, . . . , xn+1)) around xˆ such that ϕ(U) is star-
shaped and ϕ(xˆ) = 0. Over U we write αi(r) as
αi(r)|(r,ϕ−1(x1,...,xn+1)) =
n+1∑
k=1
αik(r, x
1, . . . , xn+1)dxk
with αik smooth functions on R× ϕ(U) and the solutions b
i
(r) are given by
bi(r, ϕ−1(x1, . . . , xn+1)) = bi(r) ◦ ϕ
−1(x1, . . . , xn+1)
=
n+1∑
k=1
xk
∫ 1
0
αik(r, tx
1, . . . , txn+1)dt+ bi(r, xˆ),
for all (x1, . . . , xn+1) ∈ ϕ(U). Since αi(r) and hence α
i
k depend smoothly on r, this is
smooth in r and xi, as soon as bi(, xˆ) is smooth in r. Now choosing xˆ = x0 first,
because of bi(., x0) ≡ 0, we see that b
i is smooth on R × U , where U is a star-shaped
neighbourhood of xˆ = x0. Then covering N by star-shaped neighbourhoods, this
argument shows that bi is smooth on R × N . Using these bi ∈ C∞(R × N ) we define
the new screen distribution
Ŝ := span{Sˆ1, . . . , Sˆn} with Sˆi := Si − b
iV˜ .
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For every Xˆ = dι(r)|x(X) ∈ V
⊥
(r,x) ⊂ T(r,x)(R×N ) with X ∈ TxN the Sˆi satisfy
∇˜Xˆ Sˆi =
(
αi(Xˆ)− dbi(Xˆ)
)
V˜ =
(
αi(r)(X) − db
i
(r)(X)
)
V˜ = 0,
which shows that Sˆ is involutive and horizontal. Finally, the ∇h-parallelity of the frame
(V, S1, . . . , Sn) on (N˜ , h) follows from Proposition 5. 
Remark 2. The horizontal and involutive screen distribution on the universal cover
obtained by this result does not necessarily descend to a horizontal and involutive one
on the base manifold. In fact, the next example exhibits a compact pp-wave for which
no involutive realization of the screen bundle Σ exists (see also [32, Proposition 2.42]).
Example 2. We will give an example of a compact pp-wave that does not admit an
involutive and horizontal screen distribution. Let N := Tn+1 be the (n+ 1)-torus and
let c ∈ H2(Tn+1,Z) a non-zero cohomology class, ω ∈ c a closed two-form representing
c in the de Rham cohomology. Now let π : M → Tn+1 be the circle-bundle over
T
n+1 with first Chern class being equal to c. Furthermore, let A ∈ T ∗M⊗ iR be the
corresponding S1-connection with curvature F := dA = −2πiπ∗ω. Now let ∂0, . . . , ∂n
be the canonical frame and ξ0, . . . , ξn be the canonical coframe on Tn+1 = S1× . . .×S1.
Denote by
η := π∗ξ0, σi := π∗ξi, i = 1, . . . n
their pull-backs to M˜ and by U , Si, i = 1, . . . , n the A-horizontal lifts of ∂0 and ∂i,
i = 1, . . . , n respectively. Hence, we have
dπp(U) = ∂0|π(p), dπp(Si) = ∂i|π(p)
and
A(U) = A(Si) = 0, σ
i(Sj) = δ
i
j , σ
i(U) = 0, η(Si) = 0, η(U) = 1.
Let V be the fundamental vector field of the S1-action onM, i.e., with A(V ) = i. Since
U and the Si’s are defined as horizontal lifts of the ∂i’s we have that [U,Si] and [Si, Sj ]
are vertical vector fields and moreover that
(21) [V,U ] = [V, Si] = 0.
Having (n + 2)-linearly independent nowhere-vanishing one forms, and choosing a
smooth function H ∈ C∞(Tn+1), enables us to define a Lorentzian metric g on M by
g = 2 (Hη − iA) · η +
n∑
i=1
(σi)2.
The Koszul formula, the verticality of [U,Si] and [Si, Sj] together with equation (21)
show that V is a parallel vector field for g. An obvious screen vector field is given by
Z := U −HV,
with the metric dual given by
Z♭ = g(Z, .) = Hη − iA.
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Moreover, we have ∇V Si = 0, and, again using the Koszul formula
∇SiSj =
i
2
F (Si, Sj)V(22)
∇USi = (Si(H)− iF (Si, U))V +
i
2
n∑
k=1
F (Si, Sk)Sk,(23)
where F = dA is the curvature of A. For the curvature R of ∇ this implies
R(Sk, U, Si, Sj) =
i
2
Sk(F (Si, Sj)) =
i
2
(∇SkF )(Si, Sj).
Hence, in order to make g a pp-wave metric, we have to assume that
(24) ∇F |V ⊥⊗V ⊥∧V ⊥ = 0.
Then, for the curvature of g we obtain
R(Si, U, Sj , U) = ∂i∂j(H)−
i
2
(
Si (F (Sj , U)) +
n∑
k=1
F (Si, Sk)F (Sk, Sj)
)
.
Turning to the properties of the screen, ∇V Si = 0 implies that the screen distribution
S defined by Z is horizontal. In order to show that S is not involutive, we obtain from
equation (22) that
Z♭([Si, Sj ]) = iF (Si, Sj).
Hence, the screen defined by Z is involutive, if and only if
F |V ⊥∧V ⊥ = 0,
or equivalently 0 = η ∧ F , since V ♭ = g(V, .) = η. As an example with condition (24),
but with η ∧ F 6= 0, in F = −2πiπ∗ω we can choose ω ∈ Ω2(Tn+1) as
(25) ω = 12
n∑
i,j=1
aijξ
i ∧ ξj 6= 0
with constants aij = −aji. Moreover, since the ξ
i’s are not exact, we can choose these
constants such that [ω] 6= 0 ∈ H2(Tn+2,Z). For such an example, the screen defined
by Z is not involutive, since
iF =
n∑
i,j=1
aijσ
i ∧ σj
does not vanish on V ⊥∧V ⊥. Then,M = S1×P, where π : P → Tn is the circle bundle
with first Chern class c = [ω] ∈ H2(Tn,Z).
Now assume that Sˆ = span(Sˆ1, . . . , Sˆn) is any other screen distribution defined by
smooth functions bi on M via Sˆi = Si − biV . This screen is horizontal since
0 = ∇V Sˆi = −V (bi)V,
and the functions bi descend to smooth functions on T
n+1. Furthermore, if Sˆ was
involutive, we would have that
0 = iF (Si, Sj)− (dbj(Si)− dbi(Sj)),
on M, or equivalently, for the one-form β =
∑n
i=1 ϕiξ
i on Tn,
ω(∂i, ∂j) = dβ(∂i, ∂j),
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where ϕi(x) := bi(1, y) for y ∈ π
−1(x). Hence, ω = dβ which contradicts [ω] 6= 0.
3.3. The universal cover of pp-waves under completeness assumptions. Now
we will use the results in the previous section to show that, under some completeness
conditions, the universal cover of a pp-waves is globally of standard form.
Theorem 3. Let (M, g) be a pp-wave with parallel null vector field V satisfying the
following completeness assumptions:
(i) The maximal geodesics along the leaves of the parallel distribution V ⊥ are defined
on R, and
(ii) there exists a complete screen vector field Z.
Then the universal cover M˜ of M is diffeomorphic to Rn+2. Moreover, the universal
cover (M˜, g˜) is globally isometric to a standard pp-wave
(26)
(
R
n+2, gH = 2dudv + 2H(u, x1, . . . , xn)du2 + δijdx
idxj
)
.
Under this isometry, the lift V˜ of the parallel vector field V is mapped to ∂v.
Proof. By a tilde we shall denote the lift of an object to the universal cover M˜ of
M. First, let Z be the complete screen vector field and S the corresponding screen
distribution on M. Since Z is complete, we can apply Proposition 8 to Z and η :=
g(V, .) and obtain that the universal cover M˜ ofM is diffeomorphic to R×N˜ , where N˜
is the universal cover of a leaf N of the distribution V ⊥ ofM. Clearly, N˜ is also a leaf
of the distribution V˜ ⊥ on M˜. Again, as Z is complete we can apply Theorem 2 and
obtain a horizontal and involutive realization Ŝ of the screen bundle Σ˜ on the universal
cover M˜ and a corresponding screen vector field Zˆ ∈ Γ(TM˜), together with a frame
Sˆi of Ŝ with
(27) ∇X Sˆi = 0, for all X ∈ V˜
⊥.
Furthermore, consider the Riemannian metric hˆ on N˜ defined by Ŝ,
hˆ(V˜ , V˜ ) = 1, hˆ|
Sˆ×Sˆ
= g|
Sˆ×Sˆ
, hˆ(V˜ , .)|
Sˆ
= 0.
Hence, by Proposition 5, the simply connected Riemannian manifold (N˜ , hˆ) is flat and
admits a frame (V˜ , Sˆ1, . . . , Sˆn) of ∇
hˆ-parallel vector fields which are orthonormal with
respect to hˆ. Moreover, by the first completeness assumption and relation (27), they
are complete. Using a result by Palais [40, Theorem VIII, Chapter IV] (see also [51,
Proposition 1.9] for a proof), we conclude that the manifold N˜ has a unique structure
of an Abelian Lie group for which the frame and its (in our case vanishing) Lie brackets
define the Lie algebra, and therefore, being simply connected, N˜ is diffeomorphic to
R
n+1. Using assumption (i) and because (M, g) is a pp-wave we conclude that ∇˜|
N˜
is a complete and flat connection on the simply-connected manifold N˜ . Hence the
exponential map w.r.t. ∇˜|
N˜
is a diffeomorphism and hence N˜ diffeomorphic to Rn+1.
This proves the first part of the statement.
The proof of the second part, that the lifted metric g˜ is isometric to a standard pp-
wave, is more involved and requires some auxiliary statements. It follows ideas in [15].
We start with
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Lemma 3. Let (M,∇) be smooth manifold with a torsion free connection ∇ and let
δ : I −→ M be a curve in M with 0 ∈ I ⊂ R. Then a vector field X ∈ Γ(δ∗TM)
along the curve δ is parallel along δ if and only if the vector field Y ∈ Γ(δ∗TM) with
Y (t) := t ·X(t) satisfies ∇
2
dt2
Y (t) ≡ 0.
Proof. One direction of the proof is trivial, so let us assume that
(28)
∇2
dt2
Y (t) ≡ 0.
By the Leibniz rule this implies that
(29) 2 ·
∇
dt
X(t) + t ·
∇2
dt2
X(t) = 0
for t ∈ I. Now let Ei(t) := P
∇
δ(t)(ei) with fixed x0 = δ(0) ∈ M and a basis e1, . . . , en
in Tx0M. Consequently, we can write
(30) X(t) =
n∑
i=1
ξi(t) ·Ei(t),
which implies that X is parallel along δ if (ξi)′ ≡ 0 on I for all i = 1, . . . , n. If we
write X in the form (30), formula (29) implies that the coefficient functions ξi ∈ C∞(I)
of X must satisfy the ordinary differential equation 2(ξi)′(t) + t · (ξi)′′(t) = 0 with the
initial values given by X(0) ∈ Tx0M. Each such equation only has the constant solution
defined on I: A discussion of the solutions y on (0,∞)∩I or (−∞, 0)∩I of 2y(t)+ty′(t) =
0 yields |y(t)| = C
2
t2
for some constant C ∈ R. Therefore, y ≡ 0 is the only solution,
defined on 0 since otherwise it must be equal to ±C
2
t2
on (0,∞) ∩ I or (−∞, 0) ∩ I - a
contradiction. Hence, if ξi ∈ C∞(I) with 0 ∈ I solves 2(ξi)′(t) + t · (ξi)′′(t) = 0, then
y := (ξi)′ is defined on 0 ∈ I and solves the second differential equation of order one.
Consequently, y = (ξi)′ is identically zero. 
To prove the second part of Theorem 3, let Z˜ and S˜ denote the lifts to M˜. Let
γ : R −→ M˜ be the integral curve of the complete vector field Z˜ through x0 ∈ M˜ and
S1, . . . , Sn ∈ Γ(S˜) such that g˜(Si, Sj) = δij and ∇˜Si = δijα
j ⊗ V˜ , see Proposition 4.
We define the smooth map Φ : R× R× Rn −→ M˜ by
(31) Φ(u, v, x1, . . . , xn) := expγ(u)(v · V˜ (γ(u)) +
〈
x, ~S(u)
〉
),
where exp is the exponential map of g˜ and where we define
〈
x, ~S(u)
〉
:=
∑n
k=1 x
kSk(γ(u)).
Then we show
Lemma 4. The smooth map Φ in (31) is well defined and a diffeomorphism.
Proof. By the first completeness assumption, the exponential expp : V˜
⊥
p = TpN˜ −→ N˜
is defined on the whole tangent space for each leaf N˜ through p ∈ M˜ and moreover, it
is a diffeomorphism, since (N˜ , ∇˜|
N˜
) is a complete, flat and simply connected manifold.
Hence, in order to prove that Φ is injective, it suffices to show that Φ(u1, v1, x) 6=
Φ(u2, v2, y) for all v1, v2 ∈ R and x, y ∈ R
n whenever u1 6= u2. But for u1 6= u2 we have
γ(u1) and γ(u2) are contained in two disjoint leaves N˜1 and N˜2,
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respectively. To see this, recall that — as we have seen in the proof of Proposition 8 —
it holds η˜ = df for some f ∈ C∞(M˜) and η˜ := g˜(V˜ , ·) such that f(γ(u)) = u+ f(x0).
In this situation, each leaf is given as a level set of f and N˜1 = f
−1(u1 + f(x
0)),
N˜2 = f
−1(u2 + f(x
0)) which implies that γ(u1) and γ(u2) cannot lie within the same
leaf. But then
expγ(u1)(V˜
⊥
γ(u1)
) = N˜1 and expγ(u2)(V˜
⊥
γ(u2)
) = N˜2
and since N˜1 ∩ N˜2 = ∅, this yields Φ(u1, v1, x) 6= Φ(u2, v2, y) for all v1, v2 ∈ R and
x, y ∈ Rn.
For proving the surjectivity of Φ, let p ∈ M˜ be arbitrary and N˜p be the leaf
through p. Then f |
N˜p
≡ c for some c ∈ R. The point (c0, v, x) with c0 := c− f(x
0) and
expγ(c0)(vV˜ (γ(c0)) +
〈
x, ~S(c0)
〉
) = p is then a preimage of p. 
Now we will show that the pull-back of g˜ by Φ is of the form gH as in (26). For
k = 1, . . . , n, let
V(u, v, x) := dΦ(u,v,x)(∂v),
Xk(u, v, x) := dΦ(u,v,x)(∂k),
Z(u, v, x) := dΦ(u,v,x)(∂u)
denote the push-forward vector fields. Then, since the leaves N˜ of V˜ ⊥ are totally geo-
desic, we have that V(u, v, x) ∈ V˜ ⊥Φ(u,v,x) and Xk(u, v, x) ∈ V˜
⊥
Φ(u,v,x) for k = 1, . . . , n.
Furthermore, along the integral curve γ of Z˜, we have V(u, 0, 0) = V˜ (γ(u)) and
Xk(u, 0, 0) = Sk(γ(u)). Moreover we can show
Lemma 5. For each (u, v, x) ∈ Rn+2, consider the geodesic
R ∋ t 7→ δ(t) := Φ(u, tv, tx) = expγ(u)(t(vV˜ (γ(u)) +
〈
x, ~S(u)
〉
)).
The vector fields t 7→ V(u, tv, tx) and t 7→ Xk(u, tv, tx) are parallel transported along δ.
Proof. For each (u, v, x) ∈ Rn+2 consider the geodesic variation F : R× (−ε, ε)→ M˜,
F (t, s) = Φ(u, t(v + s), tx) = expγ(u)
(
t
(
(v + s)V˜ (γ(u)) +
〈
x, ~S(u)
〉))
of the geodesic δ(t) := F (t, 0). The variation vector field along δ is given as
t 7→
∂F
∂s
(t, 0) = dF |(t,0)
(
∂
∂s
)
= dΦ(u,tv,tx)(t∂v) = t V(u, tv, tx).
Thus, as the variation vector field of a variation of δ(t) by geodesics, Y (t) := tV(u, tv, tx)
is a Jacobi vector field along δ. Hence, since δ′(t) ∈ V˜ ⊥δ(t) as well as Y (t) ∈ V˜
⊥
δ(t), we
have
∇2
dt2
Y (t) = R˜(δ′(t), Y (t))δ′(t) = 0,
by the curvature properties of a pp-wave. We can apply Lemma 3 and obtain that
t 7→ V(u, tv, tx) is parallel transported along the geodesic δ. The same argument, using
the geodesic variation
Fk(t, s) := Φ(u, tv, tx+ sek),
shows that the Xk are parallel transported along δ. 
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Recall that for t = 0 we know that V(u, 0, 0) = V˜ (γ(u)) and Xk(u, 0, 0) = Sk(γ(u)).
On the one hand, since V˜ is parallel, in particular along δ, this implies that V(u, tv, tx) =
V˜ (δ(t)) and hence V˜ = V everywhere on M˜. On the other hand, it implies that
g˜φ(u,v,x)(V(u, v, x),V(u, v, x)) = g˜γ(u)(V˜ (γ(u)), V˜ (γ(u))) = 0,
g˜φ(u,v,x)(V(u, v, x),Xk(u, v, x)) = g˜γ(u)(V˜ (γ(u)), Sk(γ(u))) = 0,
g˜φ(u,v,x)(Xi(u, v, x),Xj(u, v, x)) = g˜γ(u)(Si(γ(u)), Sj(γ(u))) = δij ,
and thus
Φ∗g˜(∂v , ∂v) = 0, Φ
∗g˜(∂v, ∂k) = 0 and Φ
∗g˜(∂i, ∂j) = δij .
It remains to show that Φ∗g˜(∂k, ∂u) = 0 and Φ
∗g˜(∂v, ∂u) = 1. For the second equation
consider for fixed v ∈ R and x ∈ Rn the variation
ν(u, s) := Φ(u, sv, sx)
and let νu(u, s) :=
∂ν
∂u(u, s) and νs(u, s) :=
∂ν
∂s (u, s). Observe that νs ∈ V˜
⊥ and
Z(u, sv, sx) = νu(u, s). Consequently, by Schwarz’ lemma and the parallelity of V˜
⊥,
(32)
∇
ds
νu(u, s) =
∇
du
νs(u, s) ∈ V˜
⊥.
This implies
d
ds
g˜ν(u,s)(νu(u, s), V˜ (ν(u, s))) ≡ 0,
i.e., s 7→ g˜(νu(u, s), V˜ (ν(u, s))) is constant and thus equals its value in s = 0, which is
g˜ν(u,0)(γ˙(u), V˜ (γ(u))) = g˜γ(u)(Z˜(γ(u)), V˜ (γ(u))) ≡ 1,
since ν(u, 0) = γ(u), νu(u, 0) = γ˙(u) and since γ is an integral curve of Z˜. This proves
Φ∗g˜(∂v, ∂u) = 1.
To see Φ∗g˜(∂k, ∂u) = 0, consider the identity
(33) Rg˜(νu, νs)νs =
∇
du
∇
ds
νs −
∇
ds
∇
du
νs.
Since s 7→ ν(u, s) is a geodesic for every u ∈ R, it holds ∇dsνs = 0. Taking into account
that νs ∈ V˜
⊥ we have by the definition of a pp-wave, see also Proposition 3(1b), that
Rg˜(νu, νs)νs ∈ R · V˜ and hence (32) and (33) yield
∇
ds
∇
ds
νu(u, s) = ϕ(ν(u, s)) · V˜ (ν(u, s))
for some function ϕ ∈ C∞(M˜). We conclude that
d
ds
g˜ν(u,s)(
∇
dsνu(u, s),Xk(u, sv, sx)) = g˜ν(u,s)(
∇
dsνu(u, s),
∇Xk
ds (u, sv, sx)) = 0,
because of Lemma 5. Hence,
s 7→ g˜ν(u,s)(
∇
dsνu(u, s),Xk(u, sv, sx))
is constant and equals its value in s = 0. But for s = 0 we have
g˜ν(u,0)(
∇
dsνu(u, 0),Xk(u, 0, 0)) = 0,
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since Xk(u, 0, 0) = Sk(γ(u)), and
∇
ds
νu(u, 0) =
∇
du
νs(u, 0) =
∇
du
(
d
ds
(
expγ(u)(s
(
vV˜ (γ(u)) +
〈
x, ~S(γ(u))
〉))
|s=0
)
=
∇
du
(
v · V˜ (γ(u)) +
n∑
k=1
xkSk(γ(u))
)
=
∑
k,l=1
δklx
kαl(γ˙(u))V˜ (γ(u)),
by the Schwarz lemma, the parallelity of V˜ and the property of Sk. Note that we use
here that ∇du (x
kSk) = x
k ∇
duSk since the x
k are constant along the curve γ(u). Hence,
g˜ν(u,s)(
∇
dsνu(u, s),Xk(u, sv, sx)) ≡ 0.
Finally, this and Lemma 5 imply that
d
ds
g˜ν(u,s)(νu(u, s),Xk(u, sv, sx)) = g˜ν(u,s)(
∇
dsνu(u, s),Xk(u, sv, sx)) = 0.
Hence, also s 7→ g˜ν(u,s)(νu(u, s),Xk(u, sv, sx)) is constant and as νu(u, 0) = γ˙(u) we
obtain at s = 0:
g˜ν(u,0)(γ˙(u), Sk(γ(u))) = g˜γ(t)(Z˜(γ(t)), Sk(γ(u))) = 0.
Thus, the only non constant term in the metric Φ∗g˜ on Rn+2 is the function H ∈
C∞(R × Rn) defined by
2H := (Φ∗g˜)(∂u, ∂u).
This finishes the proof of the second statement of Theorem 3. 
Remark 3. Note that, at this stage we do not make a claim about the geodesic
completeness of pp-waves satisfying the assumptions of Theorem 3. This will depend
on the function H. We will give a sufficient condition in Lemma 8 in the next section,
which we will then use to establish completeness for compact pp-waves.
4. Completeness of compact pp-waves
4.1. Proof of Theorem A. Theorem A will follow from Theorem 3. Since M is
assumed to be compact, every screen vector field is complete. Hence, we have to verify
that a compact pp-wave satisfies the other assumption of Theorem 3:
Theorem 4. Let (M, g) be a compact pp-wave with parallel null vector field V . Then
the maximal geodesics along the leaves of the parallel distribution V ⊥ are defined on R.
Proof. Again, by a tilde we shall denote the lift of an object to the universal cover M˜
of M. First, let Z be a screen vector field and S the corresponding screen distribution
on M. As M is compact, Z is complete and we can apply Proposition 8 to Z and
η := g(V, .) and obtain that the universal cover M˜ of M is diffeomorphic to R × N˜ ,
where N˜ is the universal cover of a leaf N of the distribution V ⊥ of M. Clearly, N˜ is
also a leaf of the distribution V˜ ⊥ on M˜. Since (M, g) is a pp-wave, the lift S˜ of the
screen distribution S comes with a global frame field Si ∈ Γ(S˜), i = 1, . . . , n, on M˜
satisfying the relations (see Proposition 4)
(34) ∇˜XSi = αi(X)V˜ .
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Note that the Si are not necessarily lifts of global vector fields on the compact M,
however we will show that they are complete.
To this end, consider the Riemannian metric h on M defined by the original screen
distribution S on M via
h(V, V ) = h(Z,Z) = 1, h(V,Z) = h(V,X) = h(Z,X) = 0, h(X,Y ) = g(X,Y ),
for all X,Y ∈ Γ(S). As a Riemannian metric on a compact manifoldM it is geodesically
complete, and so is its restriction to the leaves N of V ⊥, see for example [13, Exercise
10.4.28]. Therefore, the lifted Riemannian metric h˜ on N˜ is geodesically complete.
Now one computes that the vector fields S1, . . . , Sn on N˜ , which are h˜-orthonormal,
span the lifted screen S˜ and satisfy equation (34), are in fact geodesic vector fields for
(N˜ , h˜). Indeed, from the Koszul formula we get
0 = g˜(∇˜SiSi,X) = Si(g˜(Si,X)) + g˜([X,Si], Si)
= Si(h˜(Si,X)) + h˜([X,Si], Si) = h˜(∇
h˜
Si
Si,X),
for all X ∈ Γ(T N˜ ). Here the replacement of g˜ by h˜ is justified since
g˜(Si, .)|T N˜ = h˜(Si, .)|T N˜ .
With (N˜ , h˜) being geodesically complete and Si being geodesic vector fields, this yields
the conclusion that the Si are complete vector fields. Now we need
Lemma 6. Let (M, g) be a pp-wave with a complete parallel null vector field V and
assume that there is a complete screen vector field Z. Then there is a horizontal and
involutive realization Ŝ of the screen bundle Σ˜ on the universal cover M˜, and the leaves
N˜ of V˜ ⊥ are diffeomorphic to R × Sˆ, where Sˆ is a leaf of the distribution Ŝ. In
particular, M˜ is diffeomorphic to R2 × Sˆ.
Proof. Since Z is complete we can apply Theorem 2 and obtain a horizontal and involu-
tive realization Ŝ of the screen bundle Σ˜ on the universal cover M˜ and a corresponding
screen vector field Zˆ ∈ Γ(TM˜). Furthermore, consider the Riemannian metric hˆ on N˜
defined by
hˆ(V˜ , V˜ ) = 1, hˆ|
Sˆ×Sˆ
= g|
Sˆ×Sˆ
, hˆ(V˜ , .)|
Sˆ
= 0,
and ηˆ ∈ Γ(T ∗N˜ ) defined by ηˆ(X) = hˆ(V˜ ,X). Then ηˆ is closed, since Sˆ is integrable
and hence
dηˆ(X,Y ) = hˆ([X,Y ], V˜ ) = 0.
By assumption, V and hence its lift V˜ are complete vector fields. Thus we can again
apply Proposition 8, this time to N˜ , ηˆ and V˜ , to conclude the proof.4 
Let Ŝ be a horizontal and involutive screen distribution, obtained from Theorem 2,
with corresponding Riemannian metric hˆ on N˜ . Consider the hˆ-orthonormal vector
fields Sˆ1, . . . , Sˆn ∈ Γ(Sˆ) with ∇˜Sˆi|N˜ = 0 and given by
Sˆi = Si − biV˜
4One can also argue in the following way: From Proposition 5 we know that V˜ is a parallel vector
field on the Riemannian manifold (N˜ , hˆ) but also that V˜ as a lift of the complete vector field V is
complete. Hence, as N˜ is simply connected, the flow of V˜ separates a line R from N˜ with orthogonal
complement being the leaves Sˆ of the integrable distribution Sˆ, again proving the lemma.
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for some real functions bi ∈ C
∞(M˜). According to Proposition 5, V˜ together with the
Sˆi’s form a frame of T N˜ consisting of hˆ-parallel vector fields. Using Lemma 6, for these
we prove
Lemma 7. The vector fields Sˆi are complete.
Proof. We saw that the vector fields Si are complete, i.e., we obtain their flows as
φi : R× N˜ → N˜ .
Recall that, by Proposition 8, the leaf N˜ is diffeomorphic to R× Sˆ via
Ψ : p ∈ N˜ 7−→ (ϕ(p), ψ−ϕ(p)(p)) ∈ R× Sˆ,
were {ψt} is the flow of V˜ and ϕ ∈ C
∞(N˜ ), such that hˆ(V˜ , ·)|
V˜ ⊥
= dϕ (see the proof
of Proposition 8). Under this diffeomorphism, the flows {φit} are given as
φ˜it(p) := Ψ(φ
i
t(p)) = (ν
i
t(p), φˆ
i
t(p)),
with
νit(p) := ϕ(φ
i
t(p)),
φˆit(p) := ψ−νit(p)(φ
i
t(p)),
both defined for all t ∈ R. We do now claim that {φˆit} is the flow of Sˆi. Indeed, on the
one hand we have that
(35)
d
dt
φ˜it(p) = (
d
dtν
i
t(p),
d
dt φˆ
i
t(p)) = (
d
dtν
i
t(p), 0) + (0,
d
dt φˆ
i
t(p)).
On the other hand we compute, using Lemma 6, the chain rule and the linearity of the
differential
(36) ddt φ˜
i
t(p) = dΨφit(p)(Si(φ
i
t(p))) = dΨφit(p)(Sˆi(φ
i
t(p))) + bi(φ
i
t(p))dΨφit(p)(V˜ (φ
i
t(p))).
Temporarily denoting by {ξit} the flow of Sˆi, for the first term we get
dΨφit(p)(Sˆi(φ
i
t(p))) =
d
dτΨ(ξ
i
τ (φ
i
t(p)))
∣∣
τ=0
= ddτ
(
νit(p), ψ−νt(p) ◦ ξ
i
τ (φ
i
t(p))
)∣∣
τ=0
= ddτ
(
νit(p), ξ
i
τ ◦ ψ−νt(p)(φ
i
t(p))
)∣∣
τ=0
= ddτ
(
νit(p), ξ
i
τ
(
φˆit(p)
))∣∣∣
τ=0
= (0, Sˆi(φˆ
i
t)) ∈ R⊕ T Sˆ,
in which we were allowed to commute the flows ξiτ and ψ
i
s because of [V˜ , Sˆi] = 0. For
the second term in (36) we recall that
d
dτϕ(ψτ (φ
i
t(p)))|τ=0 = dϕφit(p)(V˜ |φit(p)) = hˆ(V˜ , V˜ )|φit(p) ≡ 1,
which implies ϕ(ψτ (φ
i
t(p)) = τ + c for a constant c. Hence, we get
dΨφit(p)(V˜ (φ
i
t(p))) =
d
dτΨ(ψτ (φ
i
t(p)))
∣∣
τ=0
= ddτ
(
ϕ(ψτ (φ
i
t(p))), ψ−ϕ(ψτ (φit(p)))(ψτ (φ
i
t(p)))
)∣∣∣
τ=0
= ddτ
(
τ + c, ψ−c ◦ ψ−τ (ψτ (φ
i
t(p)))
)∣∣
τ=0
= (1, 0) ∈ R⊕ T Sˆ
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Both computations show that (36) becomes
d
dt φ˜
i
t(p) =
(
bi(φ
i
t(p)), Sˆi(φˆ
i
t)
)
∈ R⊕ T Sˆ,
which, together with (35), shows that ddt φˆ
i
t(p) = Sˆi(φˆ
i
t(p)). Hence, φˆ
i
t is the flow of Sˆi
which is defined on R. This proves the lemma. 
Thus, applying Lemma 7 we can proceed as in the proof of Theorem 3 and ob-
tain that, on the simply connected Riemannian manifold (N˜ , hˆ), we have a frame
(V˜ , Sˆ1, . . . , Sˆn) of complete vector fields which are∇
hˆ-parallel and hˆ-orthonormal. Then
it is obvious that ∇hˆ is a complete connection, implying that (N˜ , hˆ) is geodesically
complete. On N˜ the frame (V˜ , Sˆ1, . . . , Sˆn) is parallel for both, the Levi-Civita con-
nections ∇˜g of g˜ and ∇hˆ of hˆ, the connections are equal, and whence, the leaf N˜ of
V˜ ⊥ is geodesically complete for the metric g˜. Hence, the leaves N of V ⊥ on M are
geodesically complete for g. 
Remark 4. Note that one of the key steps in the proof is Lemma 7. It ensures that the
completeness of the vector fields Si on M˜, which are complete as lifts of vector fields on
the compact manifold M, implies the completeness of the vector fields Sˆi = Si − biV˜ ,
despite the fact the functions bi do not come from functions on the compact manifold
M and, for example, may be unbounded. However the splitting results enable us to
relate the flow of the Sˆi’s to the flow of the Si’s in a way that their completeness, and
as a consequence, the completeness of g˜ and thus of g follow.
4.2. Proof of Theorem B and Corollary 1. Finally, the proof of Theorem B is
based on Theorem A and a version of results by Candela et al. [9] adapted to our
situation5:
Lemma 8. The pp-wave metric on Rn+2 in standard form
gH = 2du(dv +H(u, x1, . . . , xn)du) + δijdx
idxj
is geodesically complete if all second xi-derivatives of H are bounded,
∣∣∣ ∂2H∂xi∂xj ∣∣∣ ≤ c for
a positive constant c and 1 ≤ i, j ≤ n.
Proof. By Theorem 1, gH is complete if every maximal solution γ : s 7→ γ(s) ∈ Rn of
(37) γ¨(s) = F (s, γ) := gradRnH(s, γ(s))
is defined on the whole real line. Now, recall the following fact, see for example [50,
Theorem 2.17]: Let F : R × R2n → Rn be globally Lipschitz on every set of the form
I ×R2n, where I is a closed interval, then, for every initial value (t0, x0, x1) ∈ R×R
2n
there is a solution x : R→ Rn of the initial value problem x¨ = F (t, x, x˙) with x(t0) = x0
and x˙(t0) = x1. We thus have to show, that the function F : [a, b] × R
2n −→ Rn with
F (s, x, y) = F (s, x) defined in (37) is Lipschitz for arbitrary a, b ∈ R. Clearly, by the
mean value theorem for functions from Rn to Rn, if every partial derivative of F is
5In fact, during the preparation of the paper we learned that Lemma 8 follows from stronger results
by Candela et al. [10, Theorems 1 and 2]. However, for the sake of being self-contained we include a
proof of the lemma. For further results and comments see [11, 46]
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bounded, then F is Lipschitz. But every partial derivative in the second argument of
F = (F1, . . . , Fn) is given by
∂Fi
∂xj
(t, x) =
∂
∂xj
(
∂H
∂xi
)
(t, x),
and thus bounded by assumption. We conclude that F must be Lipschitz on every set
[a, b]×Rn which guarantees that the maximal solutions γ of (37) are defined on R. 
Remark 5. In regard to the Ehlers-Kundt problem mentioned in the introduction,
Lemma 8 provides us with many examples of pp-waves that are not plane waves. Again,
these examples cannot be Ricci-flat, since harmonic functions do not have bounded
second derivatives unless they are quadratic and thus a pp-wave.
The proof of Theorem B will follow from
Lemma 9. Let (M, g) be a compact pp-wave and let gH = 2du(dv+Hdu) + δijdx
idxj
be the metric on the universal cover Rn+2 of M that is globally isometric to the lift
of g. Then all second covariant derivatives of H in xi-directions are bounded,
0 ≤ ∂i∂jH ≤ c, for all i, j = 1, . . . n.
Proof. Let φ : (Rn+2, gH ) −→ (M, g) denote the isometric universal covering map
from Theorem A. Let Z ∈ Γ(TM) be an arbitrarily chosen screen vector field and
Z˜ ∈ Γ(TM˜) its pullback to M˜. Note that we have particularly shown in Theorem A
that g(dφ(∂u), V ) = 1, and hence we have that
(38) dφ(∂u) = Z +
n∑
i=1
biSi + cV
for smooth functions bi, c ∈ C
∞(M˜) and Si a basis of the screen distribution corres-
ponding to Z. Now we define a symmetric (0, 2)-tensor field on M as
Q(X,Y ) := R(X,Z,Z, Y ).
SinceM is compact, the function g(Q,Q), where g denotes the metric induced by g on
(0, 2)-tensor fields, is bounded, i.e., −C2 < g(Q,Q) < C2 for some constant C ∈ R+.
Computing g(Q,Q) in a frame V,Z,E1, . . . , En with Ei an orthonormal frame of the
screen defined by Z, the obvious equation Q(V, .) = 0 gives us
g(Q,Q) =
n∑
i,j=1
Q(Ei, Ej)
2 =
n∑
i,j=1
R(Ei, Z, Z,Ej)
2,
so we have in fact that 0 ≤ g(Q,Q) < C2.
Pulling back Q to the universal cover (Rn+2, gH ) by the isometric covering map φ,
using (38), (16) and (1), we get that φ∗Q(∂v, .) = 0 and
φ∗Q(∂i, ∂j)x = Rφ(x)(dφx(∂i), Z, Z, dφx(∂j)
= Rφ(x)(dφx(∂i), dφx(∂u), dφx(∂u), dφx(∂j))
= φ∗Rx(∂i, ∂u, ∂u, ∂j)
= Rg
H
x (∂i, ∂u, ∂u, ∂j)
= −∂i∂jH(x).
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Hence, by using a frame (∂v, ∂u−H∂v, ∂i) on (R
n+2, gH ) to compute gH(φ∗Q,φ∗Q), at
each point in Rn+2 we have
C2 > g(Q,Q) = gH(φ∗Q,φ∗Q) =
n∑
i,j=1
φ∗Q(∂i, ∂j)
2 =
n∑
i,j=1
(∂i∂jH)
2,
which shows that all ∂i∂jH are bounded. 
Proof of Theorem B. Let (M, g) be a compact pp-wave. Because of Theorem A, the
universal cover is isometric to a standard pp-wave (Rn+2, gH ), and by Lemma 9, all
∂i∂jH are bounded. Then, by Lemma 8, (R
n+2, gH) is complete, and thus (M, g) itself
is complete. 
Lemma 9 also provides us with a proof of Corollary 1:
Proof of Corollary 1. Let (M, g) be a compact pp-wave and let (Rn+2, gH) be the stan-
dard pp-wave that is globally isometric to the universal cover of (M, g). Lemma 9 tells
us that the ∂i∂jH are bounded. If g is Ricci-flat, so is g
H , and thus H is harmonic with
respect to the xi-directions, i.e.,
∑n
i=1 ∂
2
i (H) = 0. But this implies that also ∂i∂jH is
harmonic in the same sense, and thus, by the maximum principle for harmonic func-
tions, independent of the xi components. Hence,
H =
n∑
i,j=1
aij(u)x
ixj + bix
i + c
with aij , bi and c functions of u only, which implies that (M, g) is a plane wave. 
4.3. Plane waves. Finally, we apply Theorems A and B to plane waves as defined in
Definition 2.
Corollary 3. An (n+2)-dimensional compact plane-wave is geodesically complete and
its universal cover is isometric to Rn+2 with the metric gH defined in Theorem A, where
H(u, x) =
∑n
k,l=1 akl(u)x
kxl for some akl = alk ∈ C
∞(R).
Proof. Since plane waves are pp-waves, Theorem B implies that compact plane waves
are complete. Furthermore, by Theorem A, we have for the universal covering that
Rg
H
(∂i, ∂u, ∂u, ∂j) = HessH(∂i, ∂j) = ∂i(∂j(H))
The additional plane wave condition ∇R = V ♭⊗Q implies for the universal cover that
0 = (∇∂kR
gH )(∂i, ∂u, ∂u, ∂j) = −∂k∂i∂j(H),
since ∇∂k∂u ∈ ∂
⊥
v . This implies that
H(u, x) =
n∑
k,l=1
akl(u)x
kxl +
n∑
k=1
bk(u)x
k + c(u).
Getting rid of the linear and constant terms in this expression is achieved by a coordi-
nate transformation of the form
v˜ = v − β˙i(u)x
i + γ(u), x˜i = xi + βi(u), u˜ = u
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where β and γ are obtained by integrating
β¨i(u) = −bi(u),
γ˙(u) = c(u)− 12
n∑
i=1
β˙i(u)
2,
with initial conditions βi(0) = 0 and γ(0) = 0. 
In view of Corollary 1, note that plane waves in standard form are Ricci flat if and
only if the matrix aij is trace-free.
Remark 6. If we weaken the assumption made within this paper that the null vector
field V is parallel, to V being recurrent, i.e. with ∇V = ϕ ⊗ V , then a compact
Lorentzian manifold with the curvature condition of a pp-wave but with such a recurrent
vector field6 is not necessarily complete. This means Theorem B cannot be generalized
to compact Lorentzian manifolds with the curvature conditions of a pp-wave but with
recurrent null vector field. Even if ϕ(X) = 0 for all X ∈ V ⊥ such that the 1-form g(V, ·)
is still closed, the result is false in general, as the following example shows.
Example 3. Consider M˜ := Rn+2 endowed with the metric
g˜(u,v,x1,...,xn) := 2dudv − 2
(
sin(v)−
n∑
i=1
ai(cos(xi)− 1)
)
du2 +
n∑
i=1
dx2i ,
for constants ai. Being 2π-periodic, the metric g˜ descends to a metric g on the torus
T
n+2 := Rn+2/2πZn+2. The inextensible (transversal) geodesic
γ˜(t) := (ln(t), 0, . . . , 0)
then defines an inextensible geodesic γ : (0,∞) −→ Tn+2 on the compact Lorentz
manifold (Tn+2, g) by γ(t) := π(γ˜(t)), with π : Rn+2 −→ Tn+2 denoting the canonical
projection. For ai = 0 this is a version of the Clifton-Pohl torus. See also results by
Sa´nchez [45] on (incomplete) Lorentzian 2-tori.
However, we do not know, if at least the geodesics along the leaves of V ⊥ are all
complete. For the case ϕ(X) = 0 for all X ∈ V ⊥ our proofs seem to be adaptable to
this situation since, in this case, V ♭ is still closed.
4.4. Compact indecomposable Lorentzian locally symmetric spaces. Before
we consider locally symmetric spaces and give the proof of Corollary 2, we recall some
facts about indecomposable Lorentzian (globally) symmetric spaces. First recall from
the introduction that a Lorentzian manifold is indecomposable if it is not locally iso-
metric to a semi-Riemannian product. Now there is the following dichotomy: The
transvection group of a simply connected, indecomposable Lorentzian symmetric space
(M, g) is either semisimple or solvable [7, Theorems 2 and 3]. If the transvection
group is semisimple, (M, g) is either of dimension 2, in which case it has constant
sectional curvature, or has irreducible isotropy [7, Proposition 1]. Isotropy irreducible
semi-Riemannian symmetric spaces were classified by Berger [4, Tableau II]. This clas-
sification applied to Lorentzian signature implies that (M, g) is either a de Sitter space
or the universal cover of an anti-de Sitter space and thus has constant sectional cur-
vature (see [17, Corollary 1.5] for a more direct proof). In contradistinction, when the
6In [34] we called these Lorentzian manifolds pr-waves for plane fronted with recurrent rays.
COMPLETENESS OF COMPACT LORENTZIAN MANIFOLDS WITH ABELIAN HOLONOMY 27
transvection group is solvable, (M, g) is a Cahen-Wallach space [7, Theorem 5], i.e.,
M = Rn+2 and
g = gS = 2du(dv + Sijx
ixj du) + δijdx
i dxj ,
with a constant symmetric n × n-matrix S = (Sij)
n
i,j=1 that is different from the zero
matrix. Having a global parallel null vector field ∂v and satisfying the curvature con-
dition (1), a Cahen-Wallach space is a special case of a pp-wave.
Proof of Corollary 2. Let (M, g) be a compact locally symmetric Lorentzian manifold,
which is indecomposable. Then, as a locally symmetric space, (M, g) is locally isomet-
ric to a certain symmetric space (M0, g0) (see for example [30, p. 252]). Since (M, g)
is indecomposable, there is a point without a neighbourhood on which g is a product
metric. Hence, (M0, g0) must be one of the aforementioned indecomposable symmetric
spaces, i.e., (M, g) is locally isometric to either a space of constant curvature or to a
Cahen-Wallach space. In the first case (M, g) is geodesically complete by Klingler’s
result [29]. Hence we may assume that (M, g) is locally isometric to a Cahen-Wallach
space with local coordinates (v, xi, u) and defined by a symmetric matrix S. This im-
plies that (M, g) admits a null line bundle V that is invariant under parallel transport.
At a point p ∈ M the fibre of V is spanned by the value of the parallel coordinate
vector field ∂v at p. Moreover, in a basis (∂v , ∂i, ∂u − Sijx
ixj∂v)|p, an element of the
holonomy group Holp(M, g) at p is of the form
h =
a ∗ ∗0 A ∗
0 0 a−1
 ,
with a ∈ R∗ and A ∈ O(n) (see [1]). Since (M, g) is locally symmetric, i.e. ∇R = 0, the
curvature tensor R is invariant under the action of the full holonomy group, h ·R = R,
for all h ∈ Holp(M, g). Hence, by formula (16), for each pair of indices i, j = 1, . . . n
we get that
Sij ∂v = R(∂i, ∂u)∂j = (h ·R)(∂i, ∂u)∂j = h(R(h
−1∂i, h
−1∂u)h
−1∂j) = a
2A ki SklA
l
j ∂v,
at p. This is nothing else than S = a2A⊤SA. With S 6= 0, it implies that a2 = 1.
This shows that the holonomy group acts on the fibre of V by ±1. Hence, the time-
orientable cover of (M, g), which is still compact, admits global parallel null vector field
and therefore satisfies our definition of a pp-wave. Then Theorem B applies, yielding
that the time-orientable cover and therefore (M, g) itself are geodesically complete. 
Note that Corollary 2 implies that a compact locally symmetric Lorentzian manifold
that is a global product of an indecomposable Lorentzian manifold with a Riemannian
manifold is complete. However, our proof does not immediately generalise to arbitrary
decomposable (in the above local sense) compact locally symmetric Lorentzian mani-
folds. We believe that one can obtain a proof in the general case by using the local de
Rham and Wu decomposition theorems, but this requires to overcome some technical
difficulties and we postpone this to future work.
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